In this Letter we give an overview on recent developments in representation theory of star product algebras. In particular, we relate the * -representation theory of * -algebras over rings C = R(i) with an ordered ring R and i 2 = −1 to the * -representation theory of * -algebras over C and point out some properties of the Picard groupoid corresponding to the notion of strong Morita equivalence. Some Morita invariants are interpreted as arising from actions of this groupoid.
Introduction
The purpose of this Letter is to review some recent developments in deformation quantization [4] linked to the question of finding and describing a physically useful representation theory for the star product algebras. In fact, this question will be embedded in a larger context of representation theory of associative algebras, which arises in many flavours illustrated by the following (certainly incomplete) list:
Representation theory of rings ⊇ rings with ⊇ * -algebras involutions over C = R(i) ⊇ * -algebras over C ⊇ C * /W * -algebras Here and in the following R denotes an ordered ring and i 2 = −1. Star products belong to the third class of algebras, where R = R[[λ]] is the ring of formal real power series with its natural ordering. We shall mainly focus on this class. However, it is clear that the remaining classes are of great importance in various areas of mathematics and physics as well.
One main theme of our point of view is that to each version of representation theory there is (or at least should be) an appropriate notion of Morita equivalence of the underlying algebras implying in particular that Morita equivalent algebras have equivalent categories of representations, see, e.g., [1, 17, 29, 34] and references therein for the corresponding notions of Morita equivalence. Furthermore, Morita equivalence is encoded in the existence of particular bimodules and collecting all such 'equivalence bimodules' modulo bimodule isomorphisms gives a (large) groupoid, the Picard groupoid in each of the above situations, where the multiplication is induced by tensor products of the bimodules. Moreover, the 'equivalence bimodules' implement the functorial equivalences of representation theories by tensoring with them. Thus one finally arrives at the picture that the Picard groupoid 'acts' on the representation theories. In this Letter we try to make these ideas more precise, in particular for the case of * -algebras over C = R(i).
Beside this algebraic framework of Morita theory there are many other notions of Morita equivalence in different areas of mathematics. Important for us is Xu's notion of Morita equivalent Poisson manifolds [37] which in some sense should be the 'classical limit' of the Morita equivalence of star product algebras. However, the precise relation is still to be explored, see in particular the discussion in [12, 18] .
The Letter is organized as follows: In Section 2, we review the motivation why one should take a look at * -representations of star product algebras. In Section 3, we discuss some general features of * -representation theory, in particular the notions of positivity arising from the ordered ring R. Here we clarify some relations to the * -representation theory of complex * -algebras. Section 4 is devoted to pre-Hilbert modules and their tensor products and gives another interpretation of the complete positivity of inner products. In Section 5, we discuss strong Morita equivalence and the resulting strong Picard groupoid while in the last section we demonstrate how some Morita invariants can be seen as arising from actions of the Picard groupoid.
From Star Products to Star-Representation Theory
Let (M, π ) be a Poisson manifold. Then a formal star product is a C[[λ]]-bilinear associative product for C ∞ (M) [[λ] ], written as
such that C 0 (f, g) = fg is the pointwise 'classical' product and C 1 (f, g) − C 1 (g, f ) = i{f, g} gives the Poisson bracket induced by π . Furthermore, one requires 1 f = f = f 1 and the C r are bidifferential operators [4] . If satisfies in addition
2)
where λ = λ, then is called a Hermitian star product. Two star products and are called equivalent if there exists an operator S = id + ∞ r=1 λ r S r where S r is a differential operator with S r 1 = 0 such that S(f g) = Sf Sg.
